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Two formulations are given of Plancherel Theory for locally compact second 
countable groups. The first applies to arbitrary such groups, and recovers the L*- 
norm of suitable functions on the group from data associated to the central decom- 
position of the regular representation. The second applies in particular to connected 
or discrete amenable groups, and uses data derived from the irreducible represen- 
tations appearing in a decomposition over a Cartan subalgebra, and Connes’ ideas 
of transverse measures and functions in the recovery process. Non-trivial examples 
are also given. 0 1985 Acsdcmic Press, Inc. 
INTRODUCTION 
In the past few decades an immense effort has been devoted to finding the 
irreducible representations and Plancherel Theory of various classes of type I 
groups-among others, the work of Harish-Chandra [ 131 on semi-simple Lie 
groups, of Kirillov [ 141 and Pukanszky [21] on nilpotent and solvable Lie 
groups, and of Mackey on group extensions [ 171 has been particularly 
important. The corresponding problems for groups not of type I have 
received scant attention, and the reasons for this are clear: first, the dual is 
not countably separated as a Bore1 space; second, in general, there is no 
unique decomposition of a given representation into irreducibles; and finally, 
even for unimodular groups, the irreducible representations appearing in a 
decomposition of the regular representation generally fail to be trace class. 
This paper proposes two approaches to the Plancherel Theory of general 
locally compact second countable groups G; both specialize to more familiar 
results in the case of groups of type I. 
The first approach is based on the fact that the left regular representation 
IG of such a group G has a unique central decomposition: 
/ZG = @n,G Qc(z); in addition, the von Neumann algebra J(G) generated 
by A”(G) carries a canonical weight 6 (an unbounded positive linear 
functional) such that @“(<)*A”(~)) = (1 cl]: for c E C,,(G), i.e., a continuous 
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compactly supported function on G, and this weight decomposes as a direct 
integral of weights FZ on the algebras AZ(G)“. In case G is type I, each of the 
representations A: is a multiple of a unique irreducible representation f, and 
the weight JZ is then given by 
for some self-adjoint invertible operator h,, where Tr is the usual trace on 
the bounded operators on a Hilbert space. The general Plancherel formula 
for G, 
reduces in the type I case to 
and, for G unimodular in addition, to 
for some positive Bore1 function k on 2; both these forms of Plancherel 
formulae are well known-see [15] and [23]. 
The second approach is based on the fact that for large classes of 
groups-including all connected and all amenable groups-the von 
Neumann algebra A’(G) is hyperfinite-see [3]-(and even a Krieger 
algebra), and consequently has a well understood internal structure. In 
particular, there is a distinguished ecomposition 
of AC into irreducibles, the diagonal algebra for which is a Cartan subalgebra 
[ 1 l] of the commutant A(G)’ of A(G); since such a Cartan subalgebra is 
unique up to automorphisms of J(G)‘, the above decomposition is unique 
up to reparametrization, and thus serves as a potential replacement for the 
unique decomposition one has in the case of type I groups. In addition, one 
may determine when a given decomposition is a decomposition over a 
Cartan subalgebra of the commutant-this is the subject of a paper in 
preparation by this author.’ The weight don M(G) does not admit a decom- 
position, in any traditional sense, over this Cartan subalgebra. However, a 
I See Maximal abelian subalgebras of von Neumann algebras and representations of 
equivalence relations, Trans. Am. Math. Sot. 280 (1983), 321-337. 
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slight modification of deep results of Connes [4], describing weights on von 
Neumann algebras which are of the form End,(R) for some square 
integrable representation 8 of a (principal) standard Bore1 groupoid with 
transverse measure li, allows us to formulate a Plancherel Theorem for G of 
the form 
where vd is a transverse function on a certain hyperfinite standard Bore1 prin- 
cipal groupoid 2 on X. In fact vI is determined uniquely by the operators 
A,“(<) for x E X, the module 6 of A, a distinguished basis { 1 y: y E 2 and 
range (y) = x} of the space R’(x) of the representation A:, and a certain 
family {TX: x E X} of (probably unbounded) self-adjoint invertible operators 
on Z”(x)--a random positive invertible operator of degree one in the 
terminology of [4]. Specifically, we have 
“;({~l> = st~)(T,n,“tr)*l,,~~(r)*l,), 
for y = (x, y) E 2 c X x X. In case J(G) is semilinite (as is the case for G 
connected-see [9]-or discrete amenable), one may choose A so that 
6(y) = 1 for all y, and the total mass of the measure V; is Tr(T,Lf(4)*nz(<)), 
which is typically infinite, so that Connes’ generalized integration theory is 
indispensable ven to formulate the result. Even so, the spirit of the usual 
type I theory is maintained. 
In this case, if J(G) is type I so that X/53? is countably separated by [4], 
the formula becomes 
for <E C,(G), again using [4]. 
A further theme of the paper is the reduction of the Plancherel Theory of a 
non-unimodular group G to that of a unimodular group H, the kernel of the 
modular function of G. In particular, if AH = iz”,LF d&C) is the central 
decomposition of AH then, since H is normal in G, G acts on Z, so as to 
leave ,u~ quasi-invariant. If ,uH = ~F,u, 9(z) is the ergodic decomposition of 
(u, with respect to this action, and 2: = ~@1~&,(~) we show that 
]@IndzLfd,( ) ’ p z is recisely the central decomposition of 1’. (Indg denotes 
the induced representation.) At the same time, one may describe the weights 
{FZ: z E Z,} mentioned above in terms of (integrals of) the traces 
{FL : c E Z, 1 derived from the central decomposition of the canonical trace 5’ 
on A(H). In some examples, a similar reduction is possible in the context of 
irreducible representations and Cartan subalgebras, although the precise 
extent to which the analogy may be pushed is not yet clear. 
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The organizations of the paper is as follows. Two appendices, A and B, 
give the technical results concerning the general direct integral theory of 
weights-results announced in [24], but hitherto unpublished-and the 
necessary adaptations to our context of Cannes’ description of weights on 
End,(Z). This has been done in an attempt o maintain a proper perspective 
in the main body of the paper, and to display the essential simplicity of the 
results. In Section 1, we give the central Plancherel Theory described above, 
and the reduction of the non-unimodular theory to the unimodular case. In 
Section 2, the irreducible theory is given, as well as one possible (not very 
satisfactory) reduction from non-unimodular to unimodular groups in this 
context. The final section gives various examples, none of which seems to 
have been tractable (in any unified way) by previously available techniques. 
In particular, we treat the Mautner groups, as well as semidirect products 
A X, H where A is abelian and H is a discrete countable group whose action 
on the dual of A is free. 
Throughout, our treatment relies heavily on the theory of weights and von 
Neumann algebras-we use [26] and [7] as general references. 
1. CENTRAL PLANCHEREL THEORY 
Throughout, G denotes a locally compact separable group, with left Haar 
measure d,, modular function 6,) and left regular representation LG on 
L*(G, dG) given by 
C,,(G) denotes the continuous functions of compact support, and J(G), 
C,*(G) the von Neumann and C*-algebras generated by {J”(r): c E C,(G)} 
(where A”(<) = ( c(g) L”(g) d, g). Recall [26] that C,(G) may be endowed 
with the structure of a Tomita algebra via 
G r> = [t(g) v(g) 4g; e+(g) =~G(g)-‘e?-‘); 
(~~ll)(g)=J’C(h)Il(h-‘g)d,g; (4Mg) = ~G(g)“r(g) 
for t, r E C,(G), and that the bounded extension of the operator 
r E C,(G)+ & to L’(G, d,) is precisely k”(r). The canonical weight on 
J(G) derived from the Hilbert algebra C,(G) is denoted $, and it’s modular 
automorphism group by {8* : t E [R}. Note F is a trace if and only if G is 
unimodular. The restrictions of 6 and 8, to C,*(G) c d(G) are denoted by # 
and 0,; note that $ is K.M.S. for {al: t E F?} and that $ is faithful, norm 
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lower semi-continuous and semi-finite on C,*(G), and that the representation 
of C,*(G) derived from d is (unitarily equivalent o) the representation 1’. 
Let Z, denote the reduced quasi-dual, i.e., the space of all quasi- 
equivalence classes of factor representations of C,*(G): recall that the central 
decomposition of AC may be taken of the form 1’ = I$ n,G &G(z) with ,uG a 
standard measured on Z,-see [8, 181. 
THEOREM 11. If G is a locally compact second countable group and 4, o 
are as above, and if 1’ = 1‘20, Jf; dpG(z) is the central decomposition of )iG, 
then 
(i) there is a f amily (4, : z E Z,} of lower semi-continuous semlpnite 
weights on C,*(G), each K.M.S.for {of: t E IR}, with, for r, v E C,(G), 
(ii) there is a measurable (see Appendix A)field of weights z + & over 
z -+ nP(CF(G))” such that for <, q E C,,(G), 
ProoJ Immediate from A.13, A.8, and the fact that for <, q E C,,(G), 
(L r> = ~(~Gww I 
Remark 1.2. If G is unimodular, 4 is a trace and we recover the 
Plancherel Theorem of [23]. 
Remark 1.3. If J(G) is semi-finite and we make a measurable selection 
z -+ t, of traces over z -+ {nF(C,*(G))}“, then by the Randon-Nikodym 
theorem of [20] we have 
for some uniquely determined family {{h,: z E Z,} of positive (possibly 
unbounded) operators. In particular, if G is type I, each of representations :
is a multiple of a unique irreducible, and we obtain 
where Tr is the usual trace on B(Zx) and we have identified Z, with a subset 
of the space d of unitary equivalence classes of irreducible representations of
G. (Compare [15, 181.) 
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THEOREM 1.4. Let A(G)O = {x Ed(G): et(x) = x for all t E IR}. Then 
A’(G), = {A’(h): h E H}” where H = ker 6,. 
Proof. Recall from [ 281 that if W: L’(G X G) -+ L*(G x G) is defined by 
(W<)( g, h) = <(g, gh), there is a bijective correspondence between 
subalgebras JV of J(G) with W*(X @ 1) W c JV 0 A’(G) and closed 
subgroups K of G determined by J’“(K) = {1’(k): k E: K}” and 
K(N) = {g E G: AG(g) EM}. Since o’,@‘(g)) = sG(g)i’nG(g) for g E G, it 
suffices to show W*(A(G), @ 1) W r:.J(G)0 @M(G), and hence that 
W*(A(G), @ 1) W c {Ai’}’ @ 1 where (d”<)(g) = 6,(g)“<(g) for 
<EL*(G). But d”EL”(G) and WELm(G)@J(G), so this is clear. I 
We now fix H = ker 6, ; the notations dH, AH, C,,(H), C,*(H), (Z,, ,uH) are 
as introduced above for G. Also, we let B(G) (resp. B(H)) denote the center 
of J’(G) (resp. M(H)). 
COROLLARY 1.5. If a:J(H) + M(G)O is determined by a(AH(h)) = 
A’(h), then a is an algebruic isomorphism and a@(H)) 2 Z(G). 
Proof. It is clear that a is (or extends to) an isomorphism; the second 
assertion follows since any modular automorphism group of any von 
Neumann algebra fixes the center pointwise. 1 
Since Z-Z is unimodular, [29], the canonical weight on M(H) (or C,?(H)) is 
a trace, denoted f (or r). Our objective is now to compare the two central 
decompositions: 
(1) 
(11) 
Remark 1.6. If M(H) has no summand of type II, (or if the 
equivalence relation on Z, induced by algebraic isomorphism of the 
“components” {A:(H)} N is smooth) there is reasonable (but not canonical) 
way to normalize the measure pu,. In general, however, the presence of trace- 
scaling automorphisms on II, factors inhibits a satisfactory normalization 
(see [25] for examples arizing naturally in this context). 
To compare the decompositions (I) and (II), we use the following 
construction given in [29]. We let G act on H via B,(h) = ghg-’ (h E H); 
the associated actions on A(H) and r, (viz., AH(h)+ AH(B,(h)) and 
rr --t rc o 8; ‘) will also be denoted by 0,. From [29, Lemma 4.2; and 18, 
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Theorem 7.51, (g, [) -+ 19,< is Bore1 on 2, and ,uH is quasi-invariant under 
this action. We let 
be the ergodic decomposition of pH with respect o {S, : g E G}. (The decom- 
position above fails to be unique to the extent that m is determined only up 
to equivalence, and the measures V, up to (a measurable choice of positive) 
scalars. This non-uniqueness may be circumvented by the following device. 
Let p: Z, -+ Y be the surjection determined by the inclusion of the subalgebra 
J(H)e = L”(Y, m) of o-invariant elements in B(H), and let F@(p) denote 
the space of “fields of measures,” i.e., maps V: y E Y --* rr, a measure on Z,, 
with the properties that support (v,) c p-‘(y) for all y E Y, and that for 
each Bore1 set E c Z, the function y + vy(E) is Borel; we identify two such 
fields v and V’ if ,u(p-I{ y: v,, # vi}) = 0. Let %$(p) denote the space of Bore1 
measures m on Y such that m(E) = 0 if and only if ,u(p- l(E)) = 0 for E G Y, 
a Bore1 set. Standard decomposition theory now yields a unique map 
D, : g@(p) + $(p) such that j,OD,(m), dm(y) =p for every m E F@(p); in 
addition, D, satisfies a kind of chain rule: for m,, m, E G$(p), 
D,(ml) = (dm,/dm,) D,(m,) as fields of measures. It is apparent that 
(almost) all decompositions occurring in direct integral theory may be 
rendered canonical by such a device.) 
We consider the decomposition 
(III) 
where 
Note that since the ergodic decomposition of puH is accomplished by 
regarding it as a trace on B(H) and decomposing over X(H)‘, and since 
a o 0, = Ad d(g) o a on M(H), the decomposition (III) has diagonal algebra 
a-‘(S(G)) s%(H); thus by [7, Sect. 81 we may identify (Y, m) and 
(Z,, put) as measure spaces, and re-present decomposition (III) as 
(IV) 
In what follows, Indg n denotes the representation of G induced, [ 191, from 
the representation  of H. 
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PROPOSITION 1.7. jpG Indg Ay u&(z) is th e central decomposition of ,I’. 
Proof. Let X: = Indg A:; since AT is invariant, up to unitary equivalence, 
under G, we may realize X: on L’(G/H;Z(z)) in such a way that n:(h) = 
1 @It(h) for h E H. Thus x = ~~~n~ d&z) may be realized on 
L*(G/H;R) in such a way that r(h) = 1 @ I(h) for h E H, and the diagonal 
algebra for the decomposition is 1 @ LT(H)~. Now choose, by 119, I], a 
unitary U with Ad U o rt = AG; we have U(1 @J(H)) U* =M(G)O and 
hence U(1 @ Z(H)‘) U* = {z E -.Z@?(G),) : k’(g) ZAG(g))’ = z for all 
g E G}. Since this is precisely Z(G) by Theorem 1.2, the proposition is 
proven. I 
We henceforth assume that (after a possible re-indexing) ny = Indg kt in 
decompositions (I) and (IV). It remains to relate the weights 4, and traces rZ 
appearing in these decompositions. 
DEFINITION 1.8. Let A be a C*-algebra, B a dense *-subalgebra, and let 
w be a weight on A with n, = {x E A : v(x*x) < co } 1 B. The bi-weight xti 
on B induced by v/ is the bi-linear map x,,, :B x B + C given by x&(b,, b2) = 
t@cb,). If v is a trace, we refer to x,,, as a bi-trace. 
Note that the weights 0, (resp. traces rZ) in (1) and (IV) induce bi-weights 
(resp. bi-traces) on l’(C,(G)) (resp. LH(C,(H)). For c E C,,(G) and g E G, 
let f(g) denote the function h E H-t @g/z). Note that if we choose Haar 
measures dg, dh, and dg on G, H and G/H, respectively, so that 
Ic ]Q g)]’ dg = s,,, l,lQgh)l* dh dg, the map <-+ 4 extends to a unitary U 
between L*(G) and the Hilbert space of the representation IndgAH, with 
Ad U 0 AG = Indg In. In particular, for c E C,,(G), 
LEMMA 1.9. For c, q E C,,(G), z E Z,, and k E H, 
(9 x8(~“(fCgk)>, k”($gk))) = x~(~H(fCg))y ~“(&g>>); 
(ii> xF@“(t), ~“@I)> = iG,Hxf(~H(?tg))y J”(f(g>>) di 
(the integral makes sense by (i)). 
Proof. For (i), note r( gk) = AH(k)- ‘c(g), so that n”(f( gk)) = 
L”(k)- ‘,I”(?( g)), and 
xW(k&)), ~“(ii(&>>) = t,(~H(~(g))*IIH(k)lH(k)-l~H(~(g))) 
= xwwg))~ ~“(f(g>>>. 
(ii) We consider the case where r = q; let U = J$G ‘u(z) d,u,(z) and 
B = I,“, B(z) dpo(z) be the decomposition of the full left Hilbert algebras 
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associated to G and H over Z(G) and a-‘(Z’(G)), respectively (see [ 161 and 
Appendix A). For c E C,,(G) we have r N &z) E a(z) and f(g) N f(g)(z) E 
d(z) ,+-a-e.; since by Proposition 1.4 we may take n: = Ind$ nr pu,-a.e., we 
have 
The general case now follows from the polarization identity. 1 
THEOREM 1.10. Let {,I”, t} =s,o, {A:, L t } dpG(z) be the decomposition 
over a-‘(B(G)), and for <E C,(G), g E G, let f(g)(h) = {(gh). Then 
(1) AC = I?) Indg ny dp,(z) is the central decomposition of A’; 
(2) if $ = jz”, 4, dpG(z) is the central decomposition of 4, $,(Il”(~“l)) = 
I‘,,, t,(J”(f(g)#<( g))) dg, where Huar measures on G, H, and G/H are 
chosen as above. 
(3) lt~ii* = jZ,.fG,H z,(~“(~(g)#~(g)))dgd~c(Z). 
Proof: Is immediate from 1.4, 1.5 and the observation that 
x,G(~‘(<), J”(l)) = #,(n”(<#Q) and similarly for 1:. 1 
Remark 1.11. Theorem 1.10(3) shows that the Plancherel Theory of any 
separable locally compact group may be expressed entirely in terms of traces 
and the Plancherel Theory of the kernel of the modular function, and further 
that the form which the theory takes is very natural from the point of view of 
the associated von Neumann algebras and weights. 
2. IRREDUCIBLE PLANCHEREL THEORY 
Let A be a separable C*-algebra, and $ a lower semi-continuous emi- 
finite weight on A, K.M.S for {a,: t E R}; let 1 be a representation of A on a 
separable Hilbert space R such that for some faithful normal semi-finite 
weight J on A= &4)” we have Fon=# and ~~o~=~ool for tER, 
where {8[ : t E R } is the modular automorphism group of $. Note that in this 
case 6 is unique; we say 4 is extendable to n(A)“. 
If 9 is a standard Bore1 equivalence relation with countable equivalence 
classes, on a standard Bore1 space X= go, let {End,,(Z’), v~(S?‘~)} denote 
the concrete von Neumann algebra associated (see [4] and Appendix B) to a 
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transverse measure /i, the transverse function vO defined by vt({y}) = 1 for 
r(y) = x and the associated representation (L’(y)<)(y’) = {(y- ‘7’) for 
(E Z*(r-l(y)), on the Hilbert space 
L2(% ““, o vo), 
vo(Zo) = ~~R”(x) d/lvn(x) = 
where P(x) = Z*(r-l(x)). For v/E La(X, A”,), define 
operators on vo(Zo) by 
(S, m Y> = V(Y) &x5 Y>, 
for <EV,(~+‘~), and let J~={R,:wEL”O(X,LIJ} and 9={S,:ylE 
L"O(X, ADO)} so that J/ and 9 are Cartan subalgebras of EndA( and 
End,,(ZOFsee [ 111; the terminology in [ 1 l] is somewhat different from 
ours, but embodies the same notion. 
DEFINITION 2.1. {n,Z} is a constructible representation of A if 
{L(A)“,Z} is unitarily equivalent with {EndA( v”(Z”)} for some 9 
and A as above. 
Thus if L(A)” is in standard form, and is a hyperfmite von Neumann 
algebra with no summand of type III,, * {A, R} is constructible by [ 3 ] and 
[ 111. In particular, if G is a locally compact second countable group which 
is either connected or discrete amenable, and L is a “component” of the 
decomposition of the left regular representation JG of G over some 
subalgebra of the center of kG(G)“, 1 is a constructible representation of the 
reduced group C*-algebra C:(G)---see [3]. In addition, by Section 1, and 
Theorem A. 13, the naturally associated weight Q on C,*(G) (obtained by 
“partially integrating” the weight Q of the central decomposition in 
Theorem 1.1) may be assumed to be extendible to n(C,*(G))“. 
If I&O?‘} is a constructible representation of A, we identify (d(A)“,R} 
with {End,,(P), vo(Zo)}, and let 
denote the decomposition of I into irreducible representations over &‘. We 
also let 
/I = @A, d/l(r) s z 
be the central decomposition of I, and p: X+ Z the surjection determined by 
the inclusion of the center of L(A)” in &. 
PROPOSITION 2.2. In the above situation, we may assume 
*Recent work of Haagerup, “Connes’ Bicentralizer Problem, and Uniqueness of the 
Injective Factor of type III,” makes this restriction unnecessary. 
PLANCHERELFORMULAE 291 
(i) (x, y) E ,Z ifand only ifp(x) = p(y) and 1, is unitarily equivalent 
with 2,. In this case 
Ad L’(x, y) 0 I>, = I, ; 
(ii) for a E A, n(a) E End,,(P’) is represented by the familv of 
operators {I,(a), x E X}. 
Proof: This is an immediate adaptation of [ 12) to the non-factor 
case. I 
THEOREM 2.3. Let k be a constructible representation of A with 
(%(A)“,.F} = {End,(P’), TV”) and let 4 be a weight on A which is 
extendable to 1(A)“. Then there is a unique random positive operator ( T.Y] 
for Lo such that tf we define, for a E A, 
where 1 7 is the characteristic function of 7 E c 3, then 
(1) 8, is a transverse function on .* : 
(2) o(a*a)=A(v,) for all a E A. 
Proof Follows directly from 2.2, Lemma B.2, and Corollary B.3. I 
The importance of the result is the fact that o(a*a) may be recovered from 
data determined entirely from the images of a E A in various ireducible 
representations, and the auxiliary operators T,, 
THEOREM 2.4. Let G be a second countable locally compact group whose 
left regular representation on L2(G) generates a hyperfinite von Neumann 
algebra with no summand of type III, .’ Then there is a standard Bore1 
hyperfinite equivalence relation 9 on X, with countable equivalence classes, 
a transverse measure A on <,Z, and a random positive invertible operator 
(T,) for Lo. the left regular representation of .Y over C+“(X) = 12(r ‘(x)), 
such that 
(i) o.“(G)“, L’(G)} is unitarily equivalent with (End,(L’), vO(P’“)}; 
(ii) if A” = ?‘$‘A,” d/i,Jx) is the decomposition of Lo into irreducibles 
over the Cartan subalgebra .d of End,(L”)‘, then for every continuous 
compactly supported function r on G, 
Ilrli: =4v,>, 
where vg is the transverse function on .9? defined by 
v;W) = WV”%)* l,, X%3* ‘yh 
1 ;, being the characteristic function of y E 2. 
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In addition we have the following; 
(a) tf .%?’ is another standard Bore1 equivalence relation on X’ with 
transverse measure A’ and countable equivalence classes satisfying (i) then 
there is a Bore1 bijection u: X-t X’ which carries (saturated) A-null sets to 
A’-null sets and such that for A-almost all x, Lz is unitarily equivalent with 
c-(x, ; 
(b) if LG(G)” is semi-finite, we may choose A so that 6(y) = 1 for all 
yE 9; 
(c) tj’G is unimodular, we may choose A so that 
V;({Y})=K(s(Y))(i~(r)*ly,n~(r)*ly) 
for some Bore1 function K: X + iR + . 
Proof The existence of S?, A, and {r,} follows from Theorem 2.3 and 
the observation that the canonical weight on C,*(G) is extendable to A’(G)“. 
The uniqueness assertion (a) follows from the uniqueness of Cartan 
subalgebras (see [ 11 and 51) and Proposition 2.2. The final assertions, (b) 
and (c), follow from Connes’ analysis of the weights on End,,($F’) 14, 
Sect. 61. 
Remark 2.5. In case G is unimodular, the transverse measures appearing 
in 2.4(b) and 2.4(c) need not be the same. 
Remark 2.6. The hypotheses of 2.4 are met if G is amenable discrete, or 
if G is connected. In this last case A’(G)” is in fact semi-finite by [9] and 
hyperfinite by [ 3 J. 
Remark 2.7. If G is type I (or even if only A”(G)” is type I), the 
equivalence relation .R is smooth (see [4]). In this case, by [4] (and taking 
6E l), 
for some measure p on Y = X/S-the traces above are constant on the 
equivalence classes of S’ and hence define a function on Y. We thus recover 
the more usual “type I” Plancherel formula of [ 15, II]. 
Remark 2.8. The conclusions of Theorem 2.4, except for the uniqueness 
statement (a), remain valid if one merely assumes that A’(G)” is a construc- 
tible von Neumann algebra. 
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As in Section 1, Theorem 1.10, we may reduce the Plancherel Theory of G 
to that of the kernel H of the modular function H. We use the notation of 
Theorem 1.10 in the statement below. 
THEOREM 2.9. Let G be locally compact and second countable, and let H 
be the kernel of the modular function of G, and suppose AH(H)” is hyper- 
finite. Then, if <E C,,(G), f(g) E C,(H), and #,, z E Z, are as in 
Theorem 1.10, there is, for po-almost all z E Z,, a standard Bore1 hyper- 
finite equivalence relation Sz on Xz with countable equivalence classes, a 
transverse measure /iI on 3?z of module 1, and a random positive invertible 
operator ( T, ,x, x E X,) of degree 1 for the left regular representation Lp of 
.#z such that 
(i) At(H)” is unitarily equivalent with End, @??); 
(ii) if 2: = sp’nf, d/l, yO is the decomposition of A: into irreducibles 
over the Cartan subalgebra of End,.(zt)‘, then 
where, for y E .;ip;, n E C,(H). 
Proof For almost all z E Z,, A:(H)” is hypertinite and semi-finite, and 
the trace t, of Theorem 1.6 is extendable to A:(H)“; it now suffices to apply 
Theorems 2.3 and 1.10. 1 
Remark 2.10. For almost all z E Z,, we have precisely the same 
uniqueness for (.pz, X2,/i,) as in Theorem 2.4, and for precisely the same 
reasons. 
Remark 2.11. By Theorem 1.2 and [3], A”(H)” is hypertinite whenever 
l’(G)” is; thus the theorem applies to all connected groups G, yielding a 
Plancherel formula in terms of data derived from the irreducible represen- 
tations of the maximal unimodular subgroup H. 
3. EXAMPLES 
Let A be a locally compact second countable abelian group with dual 
group X, and let h E H --) a,, E Aut(A) be an action of the discrete countable 
group H on A. Choose Haar measures ~1 and p on A and X so that the 
Plancherel formula holds for A, and let x E X--Y a,(x) be the dual action of 
H on X, so c?,(x)(a) = x(a;‘(a)) for x E X, a E A ; we will write xh = CZI; ‘(x) 
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for x E X, h E H. Let 6(h) denote the module of the action of H on A, i.e., 
the unique constant such that for all c E C,(A), 
note that the module of a^, is also 6(h). 
Let G = A X, H be the semidirect product, so (a, h)(b, k) = (a + a,(b), hk) 
for a, b EA and h, k E H. By [25], {M(G),L*(G)} is unitarily equivalent 
with the crossed product of L”O(X, b) by {&,, : h E H}, and, assuming that H 
acts freely (in the measure theoretic sense), this in turn is unitarily equivalent 
with {EndA( r(Z’)}, where we take the underlying equivalence relation 
3 to be that generated by the action of H on X and A is the transverse 
measure on .R of module 6(x, xh) = 6(h) determined, via [4], by A I,o = p. We 
identify .1 with X X H via (x, xh) ++ (x, h) as convenient. 
The regular representation of G is realized on L2(X X H) as 
@“(a, h)t)(x, k) = (a, xk) &, kh), 
where (a, x) is the pairing of A and X; thus decomposing AC over the 
canonical Cartan subalgebra of End,(,i%“,)’ yields AC = SPAY d&x) where 
@:(a, h)t)(k) = (a, xk) t(kh) 
acts on L*({x} x G). These are of course just the representations of G 
induced by the characters x E X of A. 
Let lx,, denote the characteristic function of {hi in the space of the 
representation A:, and define operators {T,} on the spaces as the natural 
self-adjoint extensions of T, 1, ,, = 6(h)-‘l,,,. It is routine to verify that 
{T,} is a random positive invertible operator of degree 1 for the left regular 
representation of X x H; further for <E C,(G) we have 
where [(y, I) is the Fourier transform of the function a E A -+ <(a, 1). Thus 
we obtain 
hence the transverse function vI of Theorem 2.4 is precisely (f, 0 s) vo, 
where 
f&Y> = c I E(Y, Ol’ d(1)- l. 
I 
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Thus we have 
= Ilrllil as required. 
We note that the above includes examples of groups G for which J(G) is 
(a) type II,-use A = T*, H = Z where the action is generated by an 
element of SL(2, Z); 
(b) type II,-use A = R, H = Q - {0} acting by multiplication; 
(c) type III, for 1 E [0, II-use A = R* and H a suitable discrete 
countable subgroup of GL(2, R)--see the examples in [25]. 
Also, in these examples, G is unimodular if and only if the module of the 
action of H on A is identically one. 
In addition, the central decomposition of 1’ is given by 
where 
is the ergodic decomposition of ,Z on X with respect o the action of H on 
(X, ,Z), and 1: = l,n,G C@,(X). The corresponding central Plancherel Theorem 
now becomes 
where 
In all the (non-unimodular) examples discussed here, Theorems 1.10 and 
2.9 are straightforward to interpret, since in our situation the maximal 
modular subgroup of G is A X, K where K = ker 6 c H. 
580/60/3-2 
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Finally, we note that by [5] the equivalence relation S? is hyperfinite as 
soon as the group H is amenable; thus in these cases the full strength of 
Theorems 2.4. and 2.9 is applicable. 
We now turn to another example-the Mautner group; as will be seen, this 
is of quite a different character from the previous example. A Plancherel 
formula for this group is given in [6]; there seems to be little relation 
between the two formulae. 
Let 01 be a fixed irrational number, and let G = Cz x IR with the product 
(z, w, t)(z’, w’, t’) = (z + eifz’, w + e’“‘w’, t + t’). 
G is unimodular, connected and simply connected, and a solvable Lie group 
which is not of type I. The left regular representation on L*(C* X R) is given 
by 
(l’(z, w, t)r)(z’, w’, t) = {(e-“(z’ -z), e-‘“‘(w’ - w), t’ - t). 
Taking the Fourier transform in all variables gives a (unitarily equivalent) 
representation 1” on L2(C2 x R), given by 
@“(z, w, t)q)(a, b, U) = exp(i Re(aF + b@ + Ut)) q(ae-“, bei”‘, u). 
Let X,,S (for p, q > 0) denote the torus 
we view X,,, as a compact group with Haar measure ,uup,Q normalized to have 
total mass 4n*pq (for p > 0; q > 0; the degenerate cases p = 0 or q = 0 are 
insignificant from our point of view). For each (p, q, u) E R: X R, define a 
representation l,“,,,U on L2(XP,,,pu,,,) by 
@,,,(z, w, t)r)(u, b) = exp(i Re(uZ + btt, + ut)) v(ue-“, be-‘“‘). 
The following assertions concerning the representations xz,,,, are routine to 
verify: 
(i) for each p, q, u, IF,,,, is irreducible, and j”@xz,,,, dp dq du is 
unitarily equivalent with AC-here dp, dq, du are Lebesgue measures on R, , 
R, , and R, respectively; 
(4 XF,,,, is unitarily equivalent with ~~,,q~,U~ if and only if p = p’, 
q=q’, and u-u’EZ+aZ; 
(iii) {J(G), L*(G)} is unitarily equivalent with {EndA( vo(3’)} 
where the underlying equivalence relation is generated by the action 
(P, 4, u) +(n*m) (p, q, u - n - am) of Z x Z on R: x R, v. is the “counting” 
transverse function, and n is determined by A,,, = dp dq du. Further, if AZ,,,, 
is the Fourier transform (for the group X,,,) of the representations IF,,,, of 
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(i), then {I$U} provides the d ecomposition of 1’ over the canonical Cartan 
subalgebra of End,, (2’)‘. 
Since G is unimodular, we may take the operators {r,} of Theorem 2.4 to 
be one: it is necessary only to compute ]]x~,,,,(<#)x,,,]]* where x,,,~ is the 
character x,Ju, b) = anbmp-“q-“’ of Xp,4. To simplify matters, suppose g 
and h are continuous compactly supported functions on C* and R, respec- 
tively, and define <E C,(G) by 
Qz, t-v, t) = g(e pitz, e-‘“‘IV) h(t). 
An easy calculation shows that 
($&“>x,,,,&~ 6) = h:(u - n - a4?(~ b)xn,,,h b>, 
where 6, g are the usual Fourier transforms of h, g on R and C*, respec- 
tively, and - denotes complex conjugate. Thus the transverse function vI of 
Theorem 2.4 (taking K = 1) is given by 
VI = (f[ o s> vo, 
where 
of&p, 9, u) = Ih^(u)12jx I c&a, b)/*&,,,@~ b). 
P.” 
In view of the fact that /] l]]: = (] g]]: ]I h l/i, we now have 
A (vJ = j fl dr, dq du 
= 
0 J R: I &, b)l* dpp,&, b) dp & xlJ.9 ) . /j” I&>12 du) 
as required. 
We hope to present examples of, and the theory relevant to, more 
complicated examples at a later date. 
APPENDIX A: 
DIRECT INTEGRAL THEORY FOR WEIGHTS 
Here we give proofs of the basic results, announced in 1241, of the direct 
integral theory of weights on von Neumann algebras and C*-algebras; these 
depend crucially on the direct integral theory of left Hilbert algebras 
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(announced in [24], and proven independently in [ 161). We use the 
terminology of [7] (and [lo] h w en convenient) for direct integral theory of 
Hilbert spaces, von Neumann algebras, and representations, and of [ 161 for 
the corresponding Hilbert algebra case. The notation for left Hilbert algebras 
and weights is drawn from [26] ; thus 3, q, 3P#l), {a, : t E R} denote, 
respectively, a left Hilbert algebra, the left regular representation of ‘u on its 
Hilbert space completion, the left von Neumann algebra of %(=_n,((u)“), and 
the modular automorphism group associated to ‘u. If ‘?I is full, 4 will denote 
the canonical weight on ~5P#l) given by &n,(r)* n\(c)) = I/ rlj*. 
If 4 is a faithful, normal, semi-finite weight on a von Neumann algebra Lx 
we set 
n(4) = {x E .l?f: 4(x*x) < a3 ), 
and 
m(4) = n@>* n(4). 
Recall that n($) n n(4)* becomes a full left algebra ‘u(4) under the 
operations rl&) V,(Y) = rt,W), v,(x)“= ?(x*>, and h,(x), V,(Y)) = 
#(y*x); the notation q,(x), for x E n(g) n n($)* is used to indicate that x is 
being considered as an element of ?I(#) rather than as an element of J’. 
Recall also that in this context there is a natural isomorphism n: A-+ 
%(W>) with $ o n= 4. The same notations will be used for lower semi- 
continuous weights on C*-algebras. 
Throughout, all Hilbert spaces and C*-algebras are separable, and all von 
Neumann algebras have separable predual; the parameter space for fields 
will be denoted Z (and the above notations embellished with z’s); Z will 
always be locally compact and second countable and p will denote a Radon 
measure on Z. Such measurable selection theorems as we need may be found 
in [2, 71. 
DEFINITION Al. If z -+ M(z) is measurable, and 0, is a weight on J(z), 
we say z + 4, is weakly ,u-measurable if 
(i) there are countably many measurable operator fields 
z --t X,(Z) E n(z) = n(#,) with {x,(z): n E Z + } o-weakly dense in n(z) p-a.e.; 
(ii) for every measurable operator field z-+x(z) EM(z)+, 
z -+ $,(x(z)) is measurable. 
If, in addition, the operator field in (i) satisfy 
(iii) {xn(z): n E Z,} is dense, p-a.e. in n(z)* f? n(z) in the 
pseudometric d,(y, x) = #,((y - x)*(y -x) + (y - x)(y - x)*)i’*, we say 
that z + $, is p-measurable. 
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PROPOSITION A2. Let z --t #, be a weakly ,a-measurable field of weights 
over z -+ M(z). Then the sets 
Z, = {z E Z: #z is finite), 
Z,, = {z E Z: #, is semi-finite} 
are measurable. 
ProoJ This is immediate from A. 1 (ii), and the observation that since the 
field of support projections of a measurable operator field is measurable, the 
same is true of the support projections of the field of left ideals z -+ n(z). h 
DEFINITION A3. If z -+ 4, is a weakly p-measurable field of weights over 
z +./H(z), and .H = 1:. J?(Z) dp(z), define d = s@ gI dp(z): ,A’+ + [ 0, co ] by 
where x - x(z) is in M+ . 
PROPOSITION A.4 Let z -+ #: be a weakly ,a-measurable field of weights 
over z +.H(z). Then # = s? q4; Q( z is a weight on ~7, and if 4: is normal ) 
(resp. semizfinite or faithful) p-a.e., the same is true of 4. 
Proof: It is clear that Q is a weight. 
Suppose each 4, is normal, and {x~ :a E A } is an increasing net in A+ 
with lim x, =x; since the strong topology on J is metrizable on bounded 
sets, we may choose an increasing sequence (xk: k E Z,}, a subnet of 
{xI1 : a E A } with s-lim xk = x and lim, 4(x,) = lim, #(xJ. The normality of 
4 now follows from that of 4, and the monotone convergence theorem. 
Suppose now each #Z is semi-finite; we may suppose that ,u(Z) = 1. Note if 
e EJ+ , e - e(z) is a projection with e(z) E m(z) a.e., we have e E tit (where - 
denotes a-weak closure, and m = m(0)) since ,u{z: (Je(z) > n} + 0 as 
n -+ co. Let z+x,(z) be as in A.l(i) and set y,(z)=x,(z)*x,(z)(~x,(z)~~-2 
(or 0, if XJZ) = 0), and t,(z) = IF/-’ CncF y,(z) for FEZ, finite. Let 
eA4 = 1 co, 1 IM4) and e,,, (z) = lcn~,,,l(tF(z)) for n > 2. If eF, eF,n are the 
associated projections in M, we have e,,, (and hence e,) in tit, by the above 
remark; since sup, e,Jz) = 1 ,&a.e. by the semi-finiteness of 4, we have 
lEti+, and 0 is semi-finite. 1 
From this point on, we deal exclusively with fields of faithful, normal, 
semi-finite weights, and omit the qualifications; when dealing with a field of 
weights z --+ #L, we use the notations q,, rrZ, U(z), etc., in a manner consistent 
with that introduced already. 
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PROPOSITION AS. Let z -+ a(z) be a measurablefield offull left Hilbert 
algebras, M(z) = A?,(‘U(z)), and let (6; be the canonical weight on M(z). If 
Q(z) = {CL), E A(z)* : 0 < co, < F2}, then there are countably many 
measurablefields z+Gj,jEZ,, of positive linear jiinctionals such that 
(i) L3( E Q(z) ,u-a.e. and FZ = sup L3( p-a.e.; 
(ii) for each E > 0, and j, k E Z + , there exists 1 E Z + with 
(1 - E) 9; < 6: and (1 - E) 6: < (3: p-a.e. 
Proof. Suppose z + L3( G Q(x), j = 1,2, are measurable fields and E > 0 
are given; the proof given in [27, Theorem 13.81 for the case of a single 
Hilbert algebra immediately yields a measurable field z -+ (3, E Q(z) with 
(l-&)L3jL<&. Thus it suffices to produce fields z -+ 5: E Q(z) with 
qZ = supn (3: for each z. Let z + n”(z) E 2l(z)’ be measurable fields with 
rr,(r,r,(z))-, 1 strongly and ]]rrr(q,(z))]] < 1; if {cJ,,~: t E R} is the modular 
automorphism group of a(z), and {t,} is an enumeration of the rationals, 
and we set 
em(Y) = (%,,,(Y> v,(z)5 r,(z)) 
on M(z), it is clear that z -+ (3:*“’ E @p(z) is measurable. Further ~j/~ = 
SUpn,m6:‘m ay be supposed to be a weight on M(z), by applying the 
construction of the first part of the proof. Evidently v is normal, invariant 
under {u~,~: t rational} and hence under CJ~,~; also v/, = 4, on m(z)+ so that 
by [201, w,=h- I 
THEOREM A.6 Let z + a(z) be a field of full left Hilbert algebras, and 
let FZ be the canonical weight on A(z) = ~@I(z)). Then z -+ J2 is 
measurable if and only tf z + a(z) is measurable. In this case, if 
$ = ip JZ d,u(z) and ‘u = lp a(z) dp(z), 4 is the weight on A = 9!(U) deter- 
mined by ‘3. 
Proof. If z + (6; is measurable, and z -+x,(z) is as in A.l(iii), then 
L(z) = rl,Mz)> is a fundamental family of vector fields for z + a(z). 
Conversely, if z -+ %(z) is measurable and z + x(z) EM(z)+ is 
measurable, z + $Jx(z)) is measurable by Proposition A.5. If z --) r,(z) is 
fundamental for z + a(z) and x,(z) = 7c,(&(z)), the fields z + x,(z) satisfy 
(iii) of A.l; since we may assume {x,(z): n E Z +} is a complex rational 
algebra, A.l(i) is also satisfied (cf. [7, Chap. 5). 
Suppose now z + a(z) and z -+ & are measurable, and let $ be the 
canonical weight on J. If x E A+ with F(x) < co, write xi’2 = n,(r) with 
<E ‘u and r - l(z) E U(z). Since x”~ - x,({(z)) we have 
0) = j- 6zW>) d/G) = j- II WI2 Mz) = II 41’ = &> 
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and 4 < & Conversely if x EM+ and Q(x) < co, Tz(x(z)) < co a.e., so 
x(z) ‘I2 = Q<(z)) for some r(z) E a(z). Since z --+ x(z)“* is measurable, so is 
z --, t(z), and SII 4z)ll’ 44) < co ; thus z --P r(z) defines an element < of ‘11, 
with rc[(<) = x1’*, and 
DEFINITION A.7. A weight 4 on J is decomposable over (Z, ,u) if 
(i) .X = (F./(z) d,(z) for some p-measurable field x-J(z) (up to 
unitary equivalence); 
(ii) there is a measurable field of weights z -P $z over z *J(z) with 
4 = J”@ $z Q(z) (up to the equivalence in (i)). 
THEOREM A.8. If 4 is a weight on M, Q is decomposable over (Z, ,u) if 
and only 1f.d is. 
Proof Suppose 4 is given on J = ~~J(z) dp(z), and 2I is the full left 
Hilbert algebra determined by $. By [ 161, ‘?I is decomposable, 
‘u = J-W> 44 z >, over (Z,.U), and by Theorem A.6 we have $ = j@$, dp(z), 
where 4; is the canonical weight on 9,(%(z)) =-X(z). 1 
THEOREM A.9. Let z -A(z) be a measurable field of von Neumann 
algebras and let 4, be a weight on M(z) for z E Z. Let au(z) be the fill left 
Hilbert algebra determined by 4,) and 7c, :A(z) --t ,G?,(,(a(z)) the associated 
isomorphism. Then the following are equivalent: 
(i) z -+ 4, is measurable; 
(ii) z - ‘3(z) and z --t 71, are measurable; 
(iii) there are measurable fields z--t w:, n E Z + , satisfying the 
conclusions of Proposition A.5 with respect to z * 4,. 
Proof (i)* (ii) is immediate. 
(ii) * (iii) Let F2 be the canonical weight on .2,(‘%(z)); if z--f c3: are 
as provided by 1.5 (for z -+ F2) and w: = 63: o rc,, then z + w: satisfy (iii) 
since 9; = Tz 0 rc,. 
(iii) 3 (i) requires some preparation. 
LEMMA A.10. If z -+ 4, satisfies (iii) of Theorem A.9, z -+ 4, is weakly 
measurable. 
Proof We may suppose each M(z) acts on a Hilbert space R. If 
z -+ x(z) E LM(z), f - f (z) E L ‘(Z, ,u) @ 2’ are given Bore1 fields, and E > 0, 
are given with ]]x(z)]] < 1, 
E(x, f; E) = I+, Y>: Y E J(z), II Y II < 1, Y E n(z) 
and Y E V(x, J; E)(Z)} 
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is Borel, by standard arguments and the assumption 4, = sup,, o:, where 
VG f; E)(Z) = 1 Y E Jf(z>: KY - x(z)) f(z>ll < &I* 
Now choose z + x,(z) and f, with IIx,(z)ll < 1, the span of {x,(z): n E Z,} 
a-strongly dense in -1(z), and {f,(z): m E Z, } dense in X, for all z. Since 
the projection of E(x,, f,, p-‘) on 2 is all of Z we may choose measurable 
operator z -+ y,,,,, (z) with graph in E(x,, f,, p-‘) (for p E Z,); the 
complex rational span of these fields now satisfies 1.1 (i). m 
Being weakly measurable, we may integrate z + 4,) obtaining a weight on 
J = JoA b(z). By Theorem A.8, there is a measurable field z + 6, of 
weights over z jL,4(z) with 4 = J” @ JZ d&z). To complete the proof of A.9, 
all we need is 
LEMMA A. 11. 4, = 6, ,u-a.e. 
Proof: Let m(z) = m@,), ti(z) = m@,); we may reduce to the case where 
J(z) acts on a single Hilbert space Z and z -J(z) is Borel, so that 
E = I(z, Y) E Z X WO: II YII G 1, YE m(z)+ I 
and 
Je = {k Y> E z x B&w II yll < 1, y E tit(z)+} 
are Borel. If the projection B of E -I? on Z is not null, we may choose, by 
[ 11, a measurable operator field z + t(z) over (a conull Bore1 subset of) B 
with #,(t(z)) < co and $Jt(z)) = co a.e. on B. Extending z + t(z) to be zero 
off B, and multiplying by an appropriate positive measurable function, we 
obtain t E A, t y t(z) with 14,(t(z)) &(z) < 00 but J” $Jt(z)) &(z) infinite. 
By symmetry m(z) = tit(z) a.e. If Q(z) and 8(z) are the full left Hilbert 
algebras associated to 4, and JZ, then a(z) = a(z) as sets, and the product 
and involution agree a.e. as Hilbert algebras. Since j @,(x(z)) d(z) = 
I aw) 44z) f or all bounded measurable fields z *x(z) EM(z)+, the 
inner products on U(z) and a(z) also agree a.e., and 4, = 4, a.e. [ 
COROLLARY A. 12. If z + 4,) z -+ ty, are measurable Jields of weight over 
z -+ J(z) and j@#, d&z) = J”@ w, dp(z), then 4, = y, p-a.e. 
We now turn to the context of K.M.S. weights on C*-algebras; thus we let 
A be a C*-algebra, # a (norm)-lower semi-continuous, faithful weight on A, 
and {ul : t E R} a one-parameter group of automorphisms of A with 
/loI - x/I -+ 0 as t + 0 for all x E A. Let {n,, X@} be the representation of 
A constructed via the (quasi-) Gelfand-Naimark-Segal construction. 
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THEOREM A. 13. Let A be a separable C*-algeba, and 4 a faithful, lower 
semi-finite weight on A, K.M.S. for (tsl: t E R}. Then for each subcentral 
decomposition n, = l$x, d&z) of x,, there is a family (4,: z E Z} of lower 
semi-continuous weights on A satisfying 
(i) for x E A+, z + #Z(x) is measurable and 
i(z) = j h(x) 44); 
(ii) 4, is K.M.S. for {ol: t E R} p-a.e.; 
(iii) the representation z,~ associated to #L is unitarily equivalent with 
71, ka.e. 
Proof. Let ?I($) be the fulfillment of s,(n($) fl n(4)*), and let & 
{c[ : t E IR } be the canonical weight and modular automorphism group on 
~,PW)> = ~o(4” associated to 6 Note that rrm 0 or = ct 0 z, and 4 = Jo rt@ 
on W)+3 by [27]. If A(z) = (n,(A)\” we have J=9,(Yl($)) = 
J’@J(z) dp(z), as the decomposition of rrm is subcentral. By [ 161 and 
Theorem A.8, 
where rYz is the modular automorphism group of Fz on .,4(z). Define #z on A 
by h(x) = i%(~,Wh and 4,(x) = 1 #L(~) dp(z). Note #I is p-a.e. K.M.S. for 
{a, : t E R) since off a null set in Z we have 
~z,,t 0 7cJx) = 72, 0 at(x) = (& 0 7l@(X))(Z) 
for all x in A (see [ 161). It is a routine to verify that 4, is a faithful, lower 
semi-continuous weight on A, K.M.S. for {at: t E R}, and that $i = 4 on 
W>+ ; a straightforward adaptation of [20, Sect. 3] shows now that 
@I=& I 
APPENDIX B: WEIGHTS ON End,,(p) 
We give a variant, in a special case, of some results of Connes [4] 
concerning weights on “constructible” von Neumann algebras. Let 9 be a 
standard Bore1 groupoid with range and source maps r and s; we suppose 
that for all xE9’O’=X r-‘(x) is countable, and that 
r-‘(x)n s-‘(x) = {x}, so that i is an equivalence relation with countable 
equivalence classes. Fix a Bore1 homomorphism 6: 9 + R, and a transverse 
measure /1 of module 6. Recall that for each proper transverse function v on 
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9 we may associate a representation (Z”, L") of 9, where S?‘(x) = /*(v”) 
and (L”Wh) = W’Y,), so L “(7): R”(s(y)) -3 S?(Q)) is unitary. In 
addition we may associate a von Neumann algebra W(v) on 
v(jF”“) = ~@~“(x) U,(x), which is generated by left convolution operators 
by suitable functions on 9. We let v,, denote the proper transverse function 
vi({y}) = 1 for r(y) = x; (SF”, Lo) and IV, denote the corresponding 
representation and von Neumann algebra, respectively. 
In this special case, where the groupoid is a countable equivalence 
relation, the full machinery of (41 is perhaps not necessary. If we define a 
measure ,D on X to be non-singular for 9 when, for any Bore1 set E G X with 
p(E) = 0, we have ~{x, JJ) E 23 for some y E E} = 0, then, by the results of 
[ 11,4], there is a bijection between non-singular measures ,D on X and 
transverse measures A on 5%‘. This bijection is determined by p*(f) = 
n((f o s) vo) and /i,(v) = ,~udf) where v = (f 0 s) vo, and the module of /i, is 
given by 6 = &J~P,, where, for a Bore1 functions f on 92, p,(f) = 
Ix c, .m Y) 4&) and ~,(f> = (, Cxf(x, Y) 40). Thus, as far as 
elementary applications of the theory are concerned, there is no effective 
difference between transverse measures on .5P and non-singular measures on 
X. However, it seems likely that future applications of [4] in Plancherel 
Theory may well require the use of more subtle techniques from [4], where 
the language of transverse measures eems more appropriate (for example, in 
integrating more general measure-space valued functors), and the use of 
more general groupoids, where the above correspondence does not hold. 
If (X’, U) is any square-integrable representation of 9, there is an 
isomorphism of the (abstract) von Neumann algebra End,(X) with W(v)’ 
(for v a faithful proper transverse function) given by 
As in [4], set 
D(U, v) = 
! 
{E P(F): for some c > 0, 
for all a E X(x) and all x , 
I 
where rco(S”) denotes the bounded measurable sections of 3, and define for 
t E WJ, v), 
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for a E Tm(X>, so that T,(T) E Hom(U, ~5”). Finally, set 
for r, q E D(U, v); evidently t’9,(& q) E End,,(Z). 
LEMMA B.l. Letf:X+R+ beBorel,andv=(fos)v,. Then 
(i) for CE F(Z’), <E D(U, v) if and only iff “‘{ E D(U, v,), where 
(f “‘NY) =f w>)“’ tlr); 
(4 for t E D(U, ~1, B,(t, t) = e,Jf “‘t, f *“tJ 
Proof: (i) follows from the observation that 
,( I(a, U(Y) L,,>12 f My>> dW) = 1 I(a, W’)(f “‘t>s~,,>I’ dv”(y). 
(ii) Define V, : +‘Y”(x) + A?@“(x) by 
P-A(Y) = fM?4>“‘m>~ 
so V, is an isometry; for y = (y, x) E 9 and a E P(X) we have 
(~xT,(OW =f(x>“2(ay, WY) L,,,> = Vuo(f “‘t>aNr>. 
Thus 0,&f “‘6 f “2t)x = T,(t),* V,*V, T,(t), = B,(l, t), for all x, as 
required. 1 
Of course, the argument above remains valid for square integrable 
representations of arbitrary standard Bore1 groupoids; however, in our 
context every proper transverse function on 9 is of the form df 0 s) v. for 
some Bore1 fl so each operator e,(<, q) E End,(X) is of the form e,Jr’, q’) 
for suitable l’, q’ E D(U, v,). In 14, Theorem 2, Sect. 61, Connes shows that 
every faithful normal semi-finite weight 4 on EndA is of the form 4 = 4,-, 
where 
where {T,} is a family of operators with 
(a) T, a positive invertible (probably unbounded) operator on X(x), 
(b) x + T,( 1 + TJ’ Borel, and 
(c) U(x, y) T,, = 6(x, y) T,U(x, y) on 9, i.e., {T,.} is a random 
positive invertible operator of degree 1 for {X, U}. 
Suppose now {X, U} = (R”, Lo}; let 1 y denote the characteristic function 
of y E 9, and note { 1 Y: r(y) = x} affords an orthonormal basis in X’(x). 
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Fix a random positive invertible operator {TX} of degree 1 for {A?‘, Lo], and 
for a E End,,(R’), define a measure vi on r-‘(x) by 
C({Yl) = 4wx~,*l,~ QlY)T 
where we take the value + 00 if a,* 1 y is not in the domain of TX. 
LEMMA B.2. With the notation above, 
(i) v, is a transverse function, and 
(ii) for t E D(L’, vo) and a = TuO({), 
4vJ = QT(~“o(rY <))* 
Proof: (i) It suffices to show v,({y}) depends only on s(y). Since 
L’(y’) l,= lYry, we have 
dW4) = WWxa,*LoW I,, d-L,@‘) ly> 
=~(Y’Y)(~(Y’)-‘L’(Y’) Ty~,*$Lo(y’)~,*l,) 
= QW’y@y~ a,l,) 
= u,({y}), where y’ = (x, y) E 9. 
(ii) For y = (x, y) E A? and q E R”(x), 
Ku(t)*ly, r> = (ly, T,,,Wr) 
= (Lo(Y) tsw 2 r>, 
so, with a = Too(<) for < E D($@‘, Lo), 
~Xb’l) = &W,L”W tsc,,J”W L,,,> 
= K,,, hy, 9 ~s~y,)~ 
since Lo(y) is unitary, and thus 
A(v,) = { VA t,> d/i.(x) 
COROLLARY B.3. With the notation above, 
(a) for a E End,(p), &(a*a) = A(v,); 
(b) if& = 5 is a faithful normal semi-$nite trace on End,,(R’), then 
v,X(lyJ)=K(s(y))(a:l,,a~l,) 
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for some Bore1 function K: X -+ R + , and again 
z(a *a) = A (v,). 
ProojI Immediate from [4, Sect. 6, especially Corollary 71. 
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